Recent experiments with trapped cooled atoms have produced evidences for BoseEinstein condensation. Among the atoms used are 7 Li ones, with attractive low energy interaction. Stability of their condensate is studied, with a conclusion that for a number of atoms below the critical value there exist a metastable minimum, separated from collapse by a potential barrier. The lifetime due to tunneling is estimated: it is unlikely to happen in the present experiment. Although in experimental conditions most of the atoms are not in the condensate, we argue that they only slightly affect the stability conditions for the condensate evaluated at T=0.
Bose-Einstein condensation is a generic quantum phase transition discussed in most textbooks on quantum statistical mechanics. Recently several experiments [1, 2] with atoms trapped in magnetic traps and cooled to temperatures as low as T ∼ 100nK have been able to observe it. It is very significant step forward, because unlike liquid He, it is a condesate in the low density regime.
Among those experiments we concentrate on that performed in Rice University [2] with 7 Li atoms. The reason is the negative sign of the scattering length of these atoms in the corresponding spin state, a = −27.3 ± .8a 0 [3] (a 0 is Bohr radius). Since classic papers on the interacting Bose gas (e.g. [4] ) it is known that macroscopic system of bosons with attraction is unstable against collapse. However, it was argued many times that the situation may be different for a f inite number of atoms N trapped in a f inite volume for f inite time. In this paper we discuss the conditions under which a metastable Bosecondensed state exists.
We start with the T=0 case, in which all atoms are in the same quantum state, and present a suggestive dimensional argument why it may exist at all. It is based on simple variational approach. Let ψ(x) be the ground state wave function (normalized by
In the low energy approximation one can describe interatomic interaction by the well-known Gross-Pitaevskii (or the non − linear Schreodinger) equation [5] which follows from the Hamiltonian
where V(x) is the trapping potential while U 0 = 4πh 2 a/m is the Fermi pseudopotential for point-like interactions.
Suppose the atoms are in a state with a wave function with some (variable) size R, ψ = f (r/R). Their kinetic energy is O(R −2 ), the potential one is O(R 2 ), while the interaction term is O(R −D ). So, for the one − dimensional case (D=1) the kinetic energy dominates at small R, always allowing for stable solution. However it is no longer so for more dimensions. In the two-dimensional case kinetic and non-linear terms may balance each other, while for the D=3 case the interaction term takes over at small sizes. If it is negative, the collapse is inevitable. Nevertheless, the effective potential (which is obtained by the substitution of the trial function into the Hamiltonian)
may have a minimum, provided C 3 (proportional to the number of atoms), is not too large. However, in order to confirm its existence, one should be sure that the barrier is there in the whole functional space of possible quantum states.
In what follows we assume for simplicity that the trap is the 3-dimensional isotropic oscillator, and introduce the dimensionalless coordinates r = x(mω/h) 1/2 , measuring time in ω −1 units, etc. This leads to
where
is some characteristic number of atoms. Since the experimental trap oscillator unit is about 3µm and it is much larger than the scattering length, there appears a large number N 0 >> 1 . The corresponding equations, both static and time-dependent ones, were studied in some details in [6] . Although these authors were mostly interested in repulsive interaction, they have also obtained a very important result for attractive case, namely the existence of a static solution for attractive for N below the critical point
(about 1000 atoms in the experimental conditions).
Solution of Schreodinger equation is an extremum of the Hamiltonian: but it may be either an unstable one (a saddle point) or a local minimum. In order to find out what is the case one should look at the surrounding states. Again, it can be most easily be done by extensive variational studies of the Hamiltonian (2). We have used a number of trial functions, of various shapes (e.g. a sum of several Gaussians with variable amplitudes and widths). One obvious approach is to minimize the expectation value of H by the steepest descent. (Such "relaxation" approach has obvious advantages over studies of time-dependent Schreodinger equation [6] , which conserves energy and thus makes it difficult to penetrate into a local minima.) We have then basically reproduced the solution discussed in [6] : the corresponding wave function dependence on the particle number N is shown in Fig.1(a) . Note that although density at the origin grows by a significant factor, nothing in the wave function itself suggests that, as one approaches the critical point, a qualitative change should occur.
The issue of stability was addressed in two steps. First, we have added to the wave function various small perturbations of random shapes, and evaluate their energies.
While doing so it became clear that the solution is indeed a minimum (in the indicated N interval). Furthermore, it was found that if one starts minimization from any perturbed trial functions, for N < N crit it converges back to the original state while for N > N crit energy minimization leads to a collapse, a compressing wave package with decreasing negative energy.
The second step was a more systematic study of the instability threshold and the barrier around the metastable state. To this end, we have written the wave function as the metastable one ψ ms plus a perturbation of f inite magnitude, e.g.
where C,R are variable parameters (a common multiplier is determined by normalization to 1). A typical result for N = 3N 0 is shown in Fig.1 (b) : it display energy versus C for variable size R. The barrier is observed in all cases. Furthermore, we have verified that at the critical point (4) the simplest "opening of the pocket" scenario does indeed take place: for larger N the system may roll down classically into a collapse.
The next issue is a lif etime of the metastable state. We have seen that finite increase in density at the origin leads to an instability. Such perturbation may appear spontaneously, for "the fate of a false vacuum" [7] of the φ 4 relativistic field theory. Unfortunately, in the present non-relativistic problem there is no symmetry between time and space coordinate, which simplify it so that analytic solution becomes possible.
Instead of looking for numerical solution, we suggest another estimate for the collapse rate based on projection of two wave functions in question, ψ ms (x) and ψ outside (x), the other end of the tunnel:
We do not know which ψ outside (x) is connected with ψ ms (x) by the classical path (of minimal action), but in fact the transition may happen along any path (and actually in (6) one should sum over all of them). We have evaluated the projection probability for a number of ψ outside (x), which can be found for any direction in the functional space (for example, for any barrier curve shown in Fig.1(b) ). Fortunately, we found that the the tunneling is strongly suppressed. In experimental conditions the observation time is about 10 5 or so oscillation periods. We therefore conclude that in that experiment the tunneling is very improbable, except maybe very close to the critical point.
Let us now proceed to the non-zero temperature case. Although the temperature T is not reliably measured in the experiment under consideration, it is suggested to be about T ∼ 150nK. As T >>hω ∼ 5nK, for non-condensate particles one can use classical approximations. Furthermore, we ignore self-interaction and set chemical potential to zero, looking for the maximal non-condensate particle density ρ nc (x) = ( dp 2πh )
This leads to the total number of non-condensate particles N nc = (T /hω) 3 ζ(3), or about ∼ 2 × 10 4 atoms for T mentioned above. It is qualitatively consistent with the total number of particles actually observed. This estimate, together with upper limits on the number of condensate particles (4), leads to conclusion that only several percent of the atoms can belong to the condensate. (This conclusion is of course a subject to direct experimental test.)
The last point: can the non-condensate particles significantly affect the stability condition discussed above for T=0? Let us compare the total density at the origin of both components, the non-condensate ones (7) ρ nc (0) = (
Putting in numbers for the experimental conditions one concludes, that the former one is only few percent of the latter. Therefore, the majority of particles are too far from the origin, and thus the stability limit at the observed T may only be slightly reduced compared to the T=0 one (4).
We have not studied the collapse in this work, which is a formidable task by itself.
Let us only add few comments about it. First of all, it certainly is there in the low energy approximation only, in which the interaction is assumed to be represented by the scattering length. The next term in the Hamiltonian ∼ (∂ψ) 2 (ψ 2 ) (and others indicated repulsion of atoms at small distances) should stop the collapse and result in a condensed ground state, solid or liquid one. The collapse itself deserves separate studies, because it is related to many other phenomena in physics, from sonoluminescence to supernovae, which are not yet well understood. The energy per particle released in the collapse is very large compared to the intial T, which should lead to strong reheating of the system. For
Li atoms used in experiment [2] , the binary potential in appropriate state is rather small (by normal atomic standards): but it is still deep enough to cause significant reheating, up to temperatures of the order of at least degrees K (compared with 150 nK at the beginning). A "mini-supernova" event would include tiny "hot" cluster (which is no longer a Bose condensate, but liquid or solid) which eventually would blow up the noncondensate cloud.
In summary: we have established that N trapped atoms with attractive interaction posess a metastable state, surrounded by a barrier, provided N < N crit = 3.6N 0 . We have studied the barrier and estimated the tunneling probability. It seems very unlikely that tunneling could occur during the Rice group experiment: but it can be studied in future experiments. We also argue that under experimental conditions most particles are not in Bose condensate, but the non-condensate component does not significantly affect the stability limits. Finally, we speculate that collapse should be explosive, leading to strong reheating of the small claster of ordinary condense matter. 
